Introduction
A well-known problem in functional analysis is to obtain the stabilities of functional equations. The stability problem of a functional equation was originated from a question of S. M. Ulam [22] concerning the stability of a group homomorphism. D. H. Hyers [8] affirmatively answered the stability of the linear functional equation f (x + y) = f (x) + f (y). The Hyers' theorem was generalized by T. Aoki [1] . Th. M. Rassias [19] considered a generalized version of the Hyers' theorem permitted the Cauchy difference to become unbounded. Thereafter, P. Gǎvruta [7] proved the Rassias' theorem by using the control function φ : G × G → [0, ∞) such that ∞ k=0 2 −k φ(2 k x, 2 k y) < ∞ for all x, y ∈ G. Jun and Kim [9] established the Hyers-Ulam stability of the following functional equation (1.1) f (2x + y) + f (2x − y) = 2f (x + y) + 2f (x − y) + 12f (x).
It is easily proved that the function f (x) = cx 3 is a solution of the above functional equation. From the reason, the equation (1.1) is called a cubic f (x + y + 2z) + f (x + y − 2z) + f (2x) + f (2y) (1.2) = 2(f (x + y) + 2f (x + z) + 2f (x − z) + 2f (y + z) + 2f (y − z)).
In [12] , Chu et al. extended the cubic functional equation to the following generalized form
where n ≥ 2 is an integer, and they also investigated the Hyers-Ulam stability for the generalized cubic functional equation.
In [14] , Lu and Park defined the additive set-valued functional equations f (αx + βy) = rf (x) + sf (y), f (x + y + z) = 2f ( x+y 2 ) + f (z) and proved the Hyers-Ulam stabilities of the set-valued functional equations. In [16] , Park et al. investigated the stability problems of the Jensen additive, quadratic, cubic and quartic set-valued functional equations. Kenary et al. [13] proved the stabilities for various types of the set-valued functional equations. In [2] , Brzdek extended and complemented classical results concerning the stability of the additive Cauchy equation. In [3] , he gave an answer to a problem proposed by Th. M. Rassias in 1991 concerning stability of the Cauchy equation and disproved a conjecture of Th. M. Rassias and J. Tabor. In [17, 18] , Piszczek obtained some results of stabilities of functional equations in some classes of multi-valued functions. Chu et al. [6] also investigated the Hyers-Ulam stability of the n-dimensional cubic set-valued functional equation
To know the recent results on the stabilities of functional equations concerning fixed point approach, see [20] . In addition, Brzdek and Piszczek [4] exhibited a survey of many results on selections of some set-valued functional equations satisfying some inclusions and on Hyers-Ulam stability of those inclusions.
In this paper, we start with the construction of an n-dimensional cubic setvalued functional equation. Using set-valued operations, we prove the Hyers- 
for all x, y ∈ X. Every solution of the cubic set-valued functional equation is said to be a cubic set-valued mapping.
We consider an n-dimensional cubic set-valued functional equation as applying the n-dimensional cubic functional equation
for all x 1 , . . . , x n ∈ X, where n ≥ 2 is an integer. Every solution of the n-dimensional cubic set-valued functional equation is called a n-dimensional cubic set-valued mapping.
In the next section, we introduce basic notions and definitions for the proof of the main theorems. Next we obtain the equivalence for the n-dimensional cubic set-valued mapping. And then we consider the stability problem for the generalized n-dimensional cubic set-valued functional equation. As applications, we get some results for the stability problem related to the fixed point theory. Throughout this paper, let X be a real vector space and Y a Banach space.
Stability of the set-valued functional equation
Firstly, we will give precise definitions and notations to prove the main theorems. We interest in the generalization of the stability for original functional equations to set-valued dynamics. For a subset A ⊂ Y , the distance func-
where B Y is the closed unit ball in Y . In [5] , it was proved that (CBC(Y ), ⊕, h) is a complete metric semigroup. Rådström [21] proved that (CBC(Y ), ⊕, h) is isometrically embedded in a Banach space. The followings are directly proved by using the notion of the Hausdorff distance.
Remark 2.2. The completeness of a phase space plays important role to prove the stability in our manuscript. In detail, we construct a unique n-dimensional cubic set-valued mapping to a complete metric semigroup under addition and scalar multiplication using the completeness of the codomain.
The following proposition states that the n-dimensional cubic set-valued functional equation (1.4) is actually the generalized form of the cubic set-valued functional equation (1.3). In set-valued dynamics, it is useful to find different expressions of set-valued functional equations. . That is, every n-dimensional cubic set-valued mapping is actually a cubic set-valued mapping. Moreover the set-valued mapping f is single-valued in the proof of each implication.
Proof. Suppose that a mapping f satisfies the set-valued functional equation (1.4) . Putting
Hence f (x) ⊕ f (−x) = {0} for all x ∈ X. By the definition of addition for subsets in X, we directly obtain that the set-valued mapping f is a singlevalued mapping. Let x 1 = x, x i = 0 (i = 2, . . . , n − 1) and x n = y in (1.2), we have
Therefore, f is a cubic set-valued mapping.
Conversely, suppose that a mapping f satisfies the set-valued functional equation (1.3) . We use the induction on n ≥ 2 to prove (1.4). Clearly, (1.4) holds when n = 2. Consider the case n = k. By the induction hypothesis, we have
for all x 1 , . . . , x k ∈ X. Putting x 1 = x 1 + y in (2.1), we get
for all x 1 , . . . , x k ∈ X and y ∈ X. Setting x = 2x 1 , y = 2y and z = x k in (1.2), we have
for all x 1 , . . . , x k ∈ X and y ∈ X. By (2.2) and (2.3), we get
for all x 1 , . . . , x k ∈ X and y ∈ X. Putting y = 0 in (2.4), we obtain the desired conclusion (1.4). In addition, the equation (1.3) guarantees that the set-valued mapping f is single-valued in the part of the converse implication in this proof.
Next, we prove the stability of the n-dimensional cubic set-valued functional equation.
Theorem 2.4. Let n ≥ 3 be an integer and let φ : X n → [0, ∞) be a function such that
for all x 1 , . . . , x n ∈ X. Then for every m ∈ {1, 2, . . . , n − 1} there exists a unique n-dimensional cubic set-valued mapping T :
for all x ∈ X.
Proof. Set x i = x (i = 1, 2, . . . , m) and x m+1 = x m+2 = · · · = x n = 0 in (2.6). Since the range of f is convex, we have that
and we get that
for all x ∈ X. Replacing x by x m in (2.8), we have
for all x ∈ X. Substituting x by 2x and dividing by 8 in (2.9), we get
for all x ∈ X. By (2.9) and (2.10), we have
for all x ∈ X. Using the induction on i, we obtain that
for all x ∈ X and r ∈ N. In order to prove the convergence of the sequence { f (2 r x)
8 r }, we divide inequality (2.12) by 8 s and also replace x by 2 s x. Hence it follows that
for all x ∈ X and r ∈ N. Since the right-hand side of the inequality (2.13) tends to zero as s tends to infinity, the sequence {
8 r } is a Cauchy sequence in (CBC(Y ), h). Therefore, from the completeness of CBC(Y ), we can define
for all x ∈ X. It follows from (2.6) and the definition of T that
Then we have that T is an n-dimensional cubic set-valued mapping. By letting r → ∞ in (2.12), we get the desired inequality (2.7).
To prove the uniqueness of the n-dimensional cubic set-valued mapping, let T ′ : X → (CBC(Y ), h) be another n-dimensional cubic set-valued mapping satisfying (2.7). Thus we obtain the following formula
which tends to zero as r → ∞ for all x ∈ X. Therefore we get T (x) = T ′ (x) for all x ∈ X which completes this proof.
Remark 2.5. Let n ≥ 3 be an integer, then using the method of the proof in the above theorem, we easily obtain the following result. Let φ : (x 1 , . . . , x n ) for all x 1 , . . . , x n ∈ X. Then for every m ∈ {1, 2, . . . , n − 1}, there exists a unique n-dimensional cubic set-valued mapping T :
Corollary 2.6. Let 0 < p < 3 and θ ≥ 0 be real numbers, and let X be a real normed space. Suppose that f :
for all x 1 , x 2 , . . . , x n ∈ X. Then there exists a unique n-dimensional cubic setvalued mapping T : X → (CBC(Y ), h) that satisfies functional equation (2.1) and
Proof. The result follows from Theorem 2.4 by setting φ(x 1 , x 2 , . . . , x n ) = θ n i=1
x i p for every x 1 , x 2 , . . . , x n ∈ X.
Remark 2.7. In the case of p > 3, using Remark 2.5 by setting φ(x 1 , x 2 , . . . , x n ) = θ n i=1
x i p , we product a unique n-dimensional cubic set-valued mapping T : X → (CBC(Y ), h) that satisfies functional equation (2.1) and
for all x ∈ X under the same assumption in Corollary 2.6. Now, we investigate the stability for the given n-dimensional cubic set-valued functional equation using the fixed point method. We first give the definition of a generalized metric on a set X. , z) for all x, y, z ∈ X. Margolis and Diaz [15] constructed the variable method using a fixed point theory, which is variously applying to the theory of functional equations.
Lemma 2.8 ( [15] ). Let (X, d) be a complete generalized metric space and let J : X → X be a strictly contractive mapping with Lipschitz constant L < 1. Then for each element x ∈ X, either d(J n x, J n+1 x) = ∞ for all nonnegative integers n or there exists a positive integer n 0 such that (1) d(J n x, J n+1 x) < ∞, ∀n ≥ n 0 ; (2) the sequence {J n x} converges to a fixed point y * of J; (3) y * is the unique fixed point of J in the set
Using the alternative fixed point theorem, we investigate the stability of the n-dimensional cubic set-valued functional equation.
Theorem 2.9. Let 1 ≤ m ≤ n − 1 be an integer. Suppose that a mapping f : X → (CBC(Y ), h) with f (0) = {0} satisfies the functional inequality
for all x 1 , . . . , x n ∈ X and there exists a constant L with 0 < L < 1 for which the function φ :
for all x ∈ X. Then there exists a unique n-dimensional cubic set-valued mapping T :
We define a generalized metric on S defined by
where, as usual, inf ø := ∞. It is easy to show that (S, d) is complete (see [11] ). Now, we define the mapping J : S → S given by Jg(
for all x ∈ X. Then by (2.19), we have for all x ∈ X. The above inequality shows that d(Jg 1 , Jg 2 ) ≤ Ld(g 1 , g 2 ) for all g 1 , g 2 ∈ S. Hence J is a strictly contractive mapping with Lipschitz constant L. By (2.9), we obtain the inequality d(Jf, f ) ≤ for all x ∈ X. Also, from the fixed point alternative, we have
.
This means that the inequality (2.20) holds. It follows from (2.18) and (2.19 ) that h T (2
T (x i ),
≤ lim r→∞ L r φ(2 r x 1 , . . . , 2 r x n ) = 0.
Therefore, T is a unique n-dimensional cubic set-valued mapping, as desired.
Remark 2.10. In Theorem 2.9, if we take a slight change for the inequality condition of the control mapping φ as follows then we obtain the same difference between the cubic-like set-valued function f and a unique n-dimensional cubic set-valued mapping T given by T (x) = lim r→∞ 8 r f ( 
